The chiral magnetic effect is a phenomenon where an electromagnetic current is generated along a magnetic field. Recently, in nonequilibrium systems, negative longitudinal magnetoresistance has been observed experimentally in Dirac/Weyl semimetals, which provides evidence for the chiral magnetic effect as a nonequilibrium current. On the other hand, the emergence of the chiral magnetic effect as an equilibrium current is still controversial. We propose a possible realization of the chiral magnetic effect as an equilibrium current using inhomogeneous magnetic fields. By employing tight-binding calculations and linear response theory, we demonstrate that a finite current density is generated by inhomogeneous magnetic fields, while the spatial integration of the current is equal to zero, which is consistent with the so-called "no-go theorem" of the chiral magnetic effect in real lattice systems. Moreover, we propose an experimental setup to detect the effect in Weyl semimetal materials.
Introduction
Recently, Weyl semimetals (WSMs) have attracted significant interest as gapless three-dimensional (3D) systems with nontrivial topology. [1] [2] [3] [4] WSMs are sometimes referred to as "a 3D analogue of graphene," in contrast to 3D topological insulators, in that WSMs possess gapless linear dispersion not at the surface but in the bulk. The band structure of WSMs includes nondegenerate Weyl cones and the bandtouching points of the cones are called Weyl points (WPs). One can define the chirality for each WP, which plays the role of a topological invariant and takes the value of 1 or −1. It was shown by Nielsen and Ninomiya 5) that the net chirality in the entire Brillouin zone (BZ) must be zero because of the periodicity of the BZ. Therefore, WPs always appear in pairs with opposite chiralities. WPs are "topologically protected" in the sense that Weyl cones do not open the gap in the presence of weak disorder or interaction unless the WPs with opposite chirality move, come together in the BZ, and eventually pair-annihilate. After the theoretical proposal that pyrochlore iridates are WSMs by Wan et al., 2) a number of candidate WSMs were proposed, some of which have been confirmed experimentally. In particular, TaAs and similar compounds have recently been confirmed as inversion-symmetry-broken WSMs by angle-resolved photoemission spectroscopy measurements. [22] [23] [24] [25] [26] [27] [28] [29] WSMs are expected to have novel transport phenomena, such as an anomalous Hall effect, 6, 30, 31) chiral magnetic effect (CME), [31] [32] [33] [34] [35] and negative longitudinal magnetoresistance. 35) Among these effects, we deal with the CME in this work.
The CME is a phenomenon where an electrical current is generated along applied magnetic fields and originates from the chiral anomaly in quantum field theory. 31, 32) While the effect was originally discussed in the context of nuclear physics, it was proposed recently that the CME can occur in noncentrosymmetric WSMs by Zyuzin and cowerkers 31, 33) in * ibe@scphys.kyoto-u.ac.jp the framework of linearized continuum theory. According to their discussion, the relation between the applied magnetic field and the current induced via the CME is given by j = −e 2 b 0 B/2π 2 2 , where b 0 is the energy splitting of each WP. This equation is, however, only valid in the framework of low-energy effective theory. It has been proven by subsequent research that, in real lattice systems, the ground-state current vanishes identically, owing to the periodicity of the BZ. 36, 37) This is the so-called "no-go theorem" of the CME. One should note, however, that if one considers nonequilibrium situations, this no-go theorem is no longer applicable. There have been some recent attempts to realize the CME via dynamical approaches. [38] [39] [40] [41] [42] [43] [44] Among them, in Refs. 43 and 44 a negative longitudinal magnetoresistance was observed experimentally, which provides evidence for the occurence of the CME in such systems, since the resistivity is expected to be decreased in the presence of the CME current.
On the other hand, the CME was originally proposed as an equilibrium current without dissipation. 32, 33) In this paper, we propose a possible realization of such an effect at equilibrium by means of spatially inhomogeneous magnetic fields. As one of us pointed out in Ref. 45 , in the no-go theorem of the CME, only the generation of the total current (i.e., the net current flowing through a certain cross section) is prohibited, while that of the local current density is not. Apparently, under uniform magnetic fields, the absence of a net current is equivalent to that of a local current density. Thus, we consider the case where the external magnetic field is spatially nonuniform.
In this paper, we investigate the electromagnetic response of WSMs under inhomogeneous magnetic fields via two approaches: a tight-binding model calculation and linear response theory. In the tight-binding calculation, we numerically calculate the current density of each lattice site under inhomogeneous magnetic fields, which results in a finite current density. Meanwhile, the net current vanishes as a whole, which is consistent with the no-go theorem of the CME.
Moreover, in the linear response calculation, we confirm that the CME coefficient α, which connects the applied magnetic field and the current density as j = −αB, has a finite value only when the magnetic field is nonuniform. Hence, it follows that inhomogeneous magnetic fields clearly realize the CME as the ground-state current in WSMs.
The remainder of this paper is organized as follows. In Sect. 2, we explain the framework of the lattice calculation of a four-band model of WSMs under inhomogeneous magnetic fields and the results are shown. The linear response calculation in the same situation is given in Sect. 3. In Sect. 4, we present an experimental setup to observe the CME as the ground-state current in WSMs. Section 5 is devoted to conclusions.
Lattice Calculation on a Four-Band Model of WSMs

Model and method
The four-band Hamiltonian of a WSM with a pair of WPs in momentum space is given by
which originates from the 3D topological insulator Bi 2 Se 3 family. 36) Here, σ and s are the Pauli matrices in orbital and spin space, and b 0 and b denote the splitting of WPs in energy and momentum respectively, and we assume that the lattice constant is 1. The Taylor expansion of this Hamiltonian in the vicinity of the WPs gives
which coincides with the model of WSMs originating from the multilayer heterostructure of the topological insulator, proposed by Zyuzin and Burkov. 31) Here, the Fermi velocity is absorbed in the definition of the wavenumber k.
We consider the case where the time-reversal symmetry (TRS) is preserved while the inversion symmetry (IS) is not, namely, b = 0 but b 0 0. This corresponds to the situation where a pair of WPs with energy ±b 0 and opposite chiralities exists at the Γ point in the BZ.
The bulk band spectrum obtained from the Hamiltonian in Eq. (1) result since WPs still exist in the BZ.
Let us consider the case where an external magnetic field is applied in the z-direction, which spatially varies along the x-or y-direction. In such a case, in general, the translational symmetries in the x-and y-directions are broken. Thus, we perform a Fourier transformation of the Hamiltonian to obtain a real-space representation in the x-and y-directions, which gives
The effects of external magnetic fields are introduced via the conventional Peierls substitution for the hopping matrix elements,
where Φ 0 = h/e stands for the flux quantum and the the integral is taken along the straight line between lattice sites r i and r j . From the Hamiltonian in Eq. (2), the current operator along the z-direction is given bŷ
where the operator of the current density along the z-direction at each (x, y, k z ) is given bŷ
Therefore, the expectation value of the current density at each point (x, y) is given by
where |n, k z is the eigenstate of the nth band with wavenumber k z , and n F is the Fermi distribution function. Here, we calculate the current density only at zero temperature.
2.2 Inhomogeneous magnetic fields and local current density We have examined three patterns of the magnetic field configuration. First, we apply a magnetic flux tube, which pierces the center of the system along the z-direction as follows: Figure 2 shows the spatial property of the calculated current density. It can be seen that, in the vicinity of the flux, a nonzero local current density is generated, which flows parallel to the magnetic field. On the other hand, slightly away from the flux, the current flows in the opposite direction. Further away from the flux, the current density approaches zero. Here, as we expected, the total current J z is zero within our numerical precision, which is consistent with the no-go theorem of the CME. In Fig. 3 , we show the results for a magnetic field that varies sinusoidally in the x-direction as
where L x is the length of the system in the x-direction; thus, the phase of the sine function is changed by 2π from one end to another in the system. Here, since the magnetic field [and also j z (x, y)] is constant along the y-direction, only the x-dependence of j z (x, y) is shown. Similar to the former case, a finite current density is generated but the net current vanishes. Finally, we divide the system into two parts and apply uniform magnetic fields in opposite directions to each sector. Figure 4 shows the results for such a magnetic field. Here, the sign of the magnetic field changes at i x = 20. Also in this case, a finite current density is generated while the net current vanishes. One can observe that the current flows upward (downward) around i x = 21 (i x = 19). To more closely examine the wavefunctions at i x ≈ 21, we plot the energy eigenvalues for the eigenstates, whose expectation value of the x-coordinate i x ≈ 21 [see Fig. 5 ]. Here, the color of each point indicates the value of i x and the green lines are the bulk spectrum. One can see that at i x ≈ 21, some linear dispersions appear along the bulk spectrum, which can be identified as chiral modes, i.e., n = 0 Landau levels. If we focus only on the filled states with E < 0, there is a chiral mode with a positive slope, and this mode can be regarded as giving rise to the current in the z-direction. In all the above cases, a finite current density is generated, while the net current is equal to 0, which is in agreement with the no-go theorem. We have tested some other configurations of inhomogeneous magnetic fields and obtained similar results. Note that the magnitude of the calculated current density j z is comparable to the values predicted from effective field theory. Hence, it follows that the spatial variation of the magnetic field is essential for the CME.
Linear Response Calculation
To examine the magnetic field response of noncentrosymmetric WSMs in a different way, we carried out a linear response calculation with the Kubo formula. 
Formulation and method
We discuss the current response of the WSM to external magnetic fields via the CME following the discussion of Chang and Yang. 46) Within the framework of linear response theory, the relationship between the current density and the vector potential that generates an external magnetic field can be represented as
Here, Einstein's summation convention is adopted for repeated indices. Π i, j (q, ω) is the current-current correlation function, which can be calculated as
where V is the volume of the system, β = 1/k B T is the inverse temperature, and ω n and ν m are the fermionic and bosonic Matsubara frequencies, respectively. Here, the current density operator and Matsubara Green function are given bŷ
respectively, and the four-band Hamiltonian H(k) is given by Eq. (1). Now let us consider the CME coefficient α(q, ω), which is defined as j CME (q, ω) = −α(q, ω)B(q, ω).
Note that because the current density has odd parity and magnetic field has even parity, the CME coefficient α has odd parity. In the wavenumber space the magnetic field is B(q, ω) = iq × A(q, ω), in other words,
Substituting this into Eq. (8), we obtain
Comparing this with Eq. (4), we thus find that only the antisymmetric part of
, gives rise to the CME coefficient α as
which leads to
To calculate Π anti xy (q, ω), we substitute Eqs. (6) and (7) into Eq. (5), and then carry out the summation over the Matsubara frequency and the analytical continuation iν m → ω + iδ. Here, since we consider only the case of ω = 0, we fix iν m = 0 from the beginning.
According to the previous research, 30, 46) since the CME coefficient α has a singularity at ω, q = 0, its value depends on the order of the zero limit of the two variables. More specifically, α vanishes in the static limit (ω → 0 first), while it becomes nonzero in the uniform limit (q → 0 first).
In contrast, we consider the case where the wavenumber in the x-direction q x is kept nonzero while the limit of q y , q z , ω → 0 is taken to examine the effect of the nonuniformity of the magnetic field. This corresponds to the situation that the magnetic field in the z-direction B z depends only on the x-coordinate, and is independent of the y-and zcoordinates. Since q 0 (i.e., away from the singularity), it does not matter if we fix ω = 0 from the beginning. From Eqs. (5) and (11), α(q, ω) can be calculated as
wherek x is the unit vector in the k x -direction and the relation Π anti xy (q x 0, q y = q z = 0, ω = 0) = 0 is used. We calculate this numerically for the four-band Hamiltonian in Eq. (1).
3.2 Effect of inhomogeneous magnetic fields on the CME coefficient α The q x dependence of the CME coefficient α(q x ) for different values of b 0 is shown in Fig. 6 . It can be seen that α takes a finite value at a finite q x . Meanwhile, α vanishes in the limit q x → 0, which is consistent with the no-go theorem of the CME in real lattice systems.
Of course, if either q x or b 0 is equal to zero, α gives 0. In other words, both the IS breaking and the inhomogeneity of applied magnetic fields are essential for the CME. Moreover, similar to the result of the lattice calculations, the magnitude of the CME coefficient α has comparable values to α FT = e 2 b 0 /(2π 2 2 ), which was predicted by low-energy effective theory.
Hence, it is confirmed that spatially varying magnetic fields clearly generate finite electrical currents in noncentrosymmetric WSMs.
Experimental Implications
We propose an experimental setup to detect the CME as the ground-state current in WSMs that employs scanning superconducting quantum interference device (SQUID) mea- surement, which can detect weak inhomogeneous magnetic fields. 47) The candidate material is SrSi 2 , which has WPs with opposite chirality located at different energies owing to the lack of both inversion and mirror symmetries. 16) Our proposal for the experimental setup is shown in Fig.  7 (a). We consider a structure where a sample of the WSM SrSi 2 is sandwiched between superconductors with two parallel small holes, fabricated by the focused ion beam technique, which can be made as small as 750 nm diameter. 48) If we apply magnetic fields with the same magnitude in opposite directions from each hole, quantized magnetic fluxes will penetrate into the WSM, which generates a pair of local currents. Figure 7(b) shows the result of a tight-binding calculation for such a setup. Here, the total current due to one flux becomes finite, while the sum of the contributions from both fluxes is zero. This local current circulates in the finitesize sample, which induces a magnetic field in the direction perpendicular to the plane of the page. The magnitudes of the circulating current and the induced magnetic field are estimated to be I ∼ 10 −7 A and B ∼ 10 −8 T, respectively. Here we used the material parameter b 0 ∼ 0.1 eV and the lattice constant a ∼ 10 Å. The hole diameter and the distance between the holes on the superconductor are set as 750 nm and 10 µm, respectively, and we assume that a single flux quantum is introduced in each hole. 48) It is feasible to detect B ∼ 10
T via the scanning SQUIDs.
Conclusions
In this paper, we have challenged a common belief regarding the CME: the absence of a ground-state current in real lattice systems. Employing the tight-binding calculation and linear response theory, we have clarified that if an applied magnetic field is spatially nonuniform, a ground-state current is generated parallel to the magnetic field, i.e., the CME occurs even at equilibrium. Here, the magnitude of the current is of a comparable order to that predicted from low-energy effective theory. It should be stressed that the net current is equal to zero, which is consistent with the no-go theorem of the CME. Furthermore, the induced current is experimentally observable in realistic materials via the scanning SQUID mea-surement.
